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Interaction of the Vibrational and Electronic Motions
in Some Simple Conjugated Hydrocarbons
1. Exact Calculation of the Intensity of the 'Ajg — 'Bjy. 'Bgy, Vibronic Transitions of Benzene

By Axprew D. Lienr

Bell Telephone Laboratories, Incorporated Murray Hill, New Jersey
(7. Naturforschg. 13 a, 311-—335 [1958] ; cingegangen am 9. September 1957)

Eine Formel fiir die Einwirkung der Schwingungsstorungen auf die nicht entarteten elektronischen
Energieniveaus wird unter folgenden Voraussetzungen abgeleitet:

a) Das Molekiil mag durch die Borx—Orpexnemmer-Annaherung genau dargestellt sein;

b) in Ubereinstimmung mit a) liegen annihernde Losungen der Elektronen- und Schwingungs-
ScuropiNGer-Gleichungen fiir eine bestimmte molekulare Geometrie vor;

c) die elektronischen Wellenfunktionen von b) konnen zu benachbarten Geometrien analytisch
fortgesetzt werden;

d) Glieder von hoherer als der ersten Ordnung der Kernverschiebungen sind vernachldssigbar
in der Potenzreihenentwicklung der Hamivton-Funktion und der elektronischen Wellenfunktionen
von b) ;

e) die Storungstheorie erster Ordnung ist fiir die Anndherung d) geniigend.

Die so abgeleitete Formel wird zur Berechnung der Intensitit der (1A1g — 1B1y, 1B2y)-Uberginge
von Benzol verwendet. Obgleich die vorausgesetzte Intensitdt der 1Az — (1B1y, 1B2y)-Uberginge in
guter Ubereinstimmung mit dem Versuch steht, ist festgestellt worden, daf3 das Verhiltnis der Inten-
sititen der Schwingungsiiberginge in dem 1Ajg — 1By, - Elektroneniibergang nicht in Ubereinstim-
mung mit dem Versuch ist. Die Ursache dieser Diskrepanz wird festgestellt und Verbesserungen des

Berechnungsverfahrens werden vorgeschlagen.

As is well-known, the solution of the dynamical
equations for a polyatomic molecule is at present
impossible; the mathematical difficulties are too
great. One is thus forced from the outset to employ
some approximation scheme in order to obtain a
mathematical description of a polyatomic system.
The usual procedure is to separate the dynamical
equations into three distinct parts: the rotational,
the vibrational, and the electronic parts. This pro-
cedure involves the neglect of terms coupling the
rotational, vibrational, and electronic motions of a
molecule. When this neglect is valid one can write
the wave functions describing the polyatomic mole-
cule as a product of rotational, vibrational, and
electronic wave functions. Upon performing such
a separation one usually examines the conditions
for its validity and then attempts to make correc-
tions for the errors introduced by such an approxi-
mation scheme. We shall, in this paper, only be con-
cerned with means of correcting for the neglect of
interaction terms which connect the electronic and
vibrational motions.

When the nuclei forming the framework of a
polyatomic molecule are allowed to move, both the
electronic energy and the electronic wave function,
describing the charge distribution in the molecule,
change. Also the symmetry of the molecule is, in

general, lowered. Now there exist two types of
phenomena which are intimately related to such
changes. These phenomena are the intensity of spec-
tral transitions and the stability of molecular con-
figurations. Of these two phenomena only the for-
mer will be here discussed, a discussion of the lat-
ter being deferred until a future date.

Even though the probability of the occurrence of
a given spectral transition may be, on symmetry
grounds, zero for the equilibrium position of the
nuclei, it is not necessarily zero for positions of the
nuclei displaced from equilibrium; the molecule no
longer has its original symmetry for such positions.
Hence, certain spectral transitions may occur weakly
in electronic band systems due to vibrational-elec-
tronic (vibronic) interactions.

How do we calculate such changes in the sym-
metry of electronic wave functions which have, ini-
tially, a zero transition probability with respect to
the ground electronic state? The answer to this
question is easily given. We assume that the vibra-
tional motions merely “scramble” the solutions for
the non-vibrating molecule; this is analogous to the
description of an anharmonic oscillation by a super-
position of harmonic vibrations. Thus we take the
correct electronic wave function to be a linear com-
bination of the equilibrium solutions, suitably gene-
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ralized so as to depend explicitly on the nuclear co-
ordinates, and substitute the resulting wave function
into the dynamical equations of motion. This proce-
dure allows one to determine the extent of “mixing”
of the equilibrium solutions needed to form the cor-
rect electronic functions. If the resultant wave func-
tion contains terms which have, with respect to the
ground electronic state, a non-zero transition prob-
ability, we will have that the formerly “forbidden”
band system is now allowed due to vibronic inter-
actions. This type of calculation is here carried out
in a non-empirical fashion for benzene.

The benzene spectrum is known to consist predomi-
nately of three band systems occurring at approxi-
mately 56,500 cm™ ! (1A, —'E;,), 50,000 cm™!
(*A;,— 'By,) and 39,500 cm ! (1Aj,— !B,,) ; the
appropriate spectroscopic notation for each of the
band systems has been given in parenthesis. The
intensity of these bands in terms of the oscillator
strength, f, is 0.9, 0.1, and 0.002, respectively.
Hence, it is the latter two band systems which are
of the “forbidden” type.

The non-empirical intensity calculation reported
in this paper, yields the intensity of the “forbidden”
benzene bands as f=0.26 and f=0.003, respec-
tively. Although the calculated value for the abso-
lute intensity of the 39,500 cm™! band is in good
agreement with experiment, the relative intensity
distribution among the observed vibrational sub-
levels composing this band is found to be incor-
rectly given. The error in the computed relative
vibrational intensity distribution of the 39,500 ¢cm™!
band is traced to the use of approximate normal
co-ordinates for the 'B,, electronic state and to the
use of simplifying assumptions with regard to the
evaluation of certain integrals. The error in the
calculated intensity of the 50,000 ecm™! is found
to be caused by the incipient breakdown of the
perturbation formulae here employed.

Outline of the Calculation

We shall in this section endeavor to present a
detailed outline of the calculations contained in this
paper. It is hoped that this outline will enhance the
clarity of the paper.

In this work we are concerned with the pheno-
mena produced by the interactions of nuclear and
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electronic motions in non-degenerate electronic sta-
tes. We shall deal with such interactions in degene-
rate electronic states in a forthcoming publication.

In Section 1 we begin our investigation of vi-
bronic perturbations of stationary electronic states
with a critical discussion of the applicability of the
usual ScHRODINGER perturbation theory. Upon de-
monstrating that it leads to computational difficul-
ties we develop a modified perturbation theory suit-
able for handling vibronic interactions. It is found
that the usual formulae for the expansion coeffi-
cients of a perturbed wave function are modified
by the addition of a term arising from the displace-
ment of the wave functions from their equilibrium
positions.

Since we are interested in applying the general
formulae developed in Section 1 to a non-empirical
calculation of the 'Aj, — ('By,, 'Bs,) transitions in
benzene, we next follow the well-known GoepperT-
Maver and Skrar technique for the construction of
both the zero order wave functions and the elec-
tronic-nuclear interaction terms of the molecular
Hamirronian of benzene. This construction occupies
Sections 2.1 and 2.2. In the latter section, using an
analytical continuation of the GoepperT-MAvER and
SkrAR electronic-nuclear potential, we explicitly con-
struct the vibronic perturbation for the problem.

The necessary perturbation and “overlap” matri-
ces are algebraically computed in Sections 2.3 and
2.4; the necessary matrix elements being expressed
in terms of nuclear displacements in the latter sec-
tion. The evaluation of the necessary integrals is

relegated to Appendices I through IV.

The formulae of Section 1, from which one cal-
culates spectral intensities, contain integrals of the
above computed matrix elements over the vibratio-
nal wave functions. In order to perform these in-
tegrations one must express the nuclear displace-
ments occurring in Section 2.4 in terms of the ap-
propriate normal co-ordinates. This task is executed
in Section 2.5; the results of the substitution of
these normal co-ordinates into the matrix elements
of Section 2.4 are summarized in Section 2.6.

Having obtained the quantities required for the
application of the intensity formulae of Section 1.4,
we proceed to compute the intensity of the benzene
'Ajs — ('Byy, 'Bsy) electronic transitions in Section
2.7. The critical evaluation of the calculation, in the
light of existing experimental data, is relegated in
Section 2.8.
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1. General Theory of Vibronic Interactions:
Intensity Formulae *

1.1 Nuclear Displacements and Electronic Motions

From many points of view the most interesting
properties of molecules involve displacements of
their nuclei. An essential step in the analysis of such
effects is the expression of the electronic eigenfunc-
tions internuclear distances. In
many cases, of which the treatment of reaction ki-
netics is perhaps the most important, this step in-
volves formidable difficulties that only diligent com-
putation may circumvent. As a result, it has most
frequently been handled phenomenologically. In
other cases, however, where the associated nuclear
motions are of small amplitude, as for example dur-
ing vibrations, or associated with weak forces such
as Vanper WaaLs attractions, the problems are
more tractable. The successful elucidation of the
latter dispersion forces was accomplished using per-
turbation methods. In this paper we shall be more
concerned with intramolecular properties and there-
fore with vibrations.

in terms of the

Our most immediate interest is concerned with
the intensities of formally “forbidden” electronic
transitions. The importance of further work in the
latter context has been underlined recently!:2 by
the discovery that many of the most common band
systems in the spectra of aromatic molecules owe
but little of their intensities to purely electronic di-
pole strengths.

Accordingly, we shall utilize a perturbation theory
approach in which the first-order terms in an ex-
pansion of the electronic eigenfunctions as a power
series in the nuclear displacements are required.
Throughout our analysis we shall adopt the Born—
OpPENHEIMER approximation ® 4, seeking solutions
of eigenvalue problem

H(1:,%.) Wi (ri,8,) =Ex(3.) Yi(1;,8,),
(1.1-1)

where J#(1;,%,) is the complete molecular Hamir-
roNian lacking only the terms involving spin inter-
actions and the kinetic energy terms for the nuclei.
The electronic co-ordinates are designated by 1; and
the nuclear displacements by %, in equation (1).

* This section is the result of the joint researches of Prof.
W. E. Morrirr and the author. The theory outlined herein
has been refered to as Lienr and Morrirr, Z. Naturforschg.
13 a, in previous publications of the author.
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The spin-dependent wave functions ¥, having been
determined in this manner, will then be used to
compute transition probabilities from which spectral
intensities follow immediately in the well-known
manner.

1.2 Choice of Representation

As stated in the introductory section 1.1 we shall
begin our calculations with the equation

H(1i,%q) Vi(1i,%0) =Ex(8,) Vi(vi,84).

(1.2-1)
where J#(1;,9,) consists of the four terms
- h2 == . - o e?

T N V72 ) _ 3 )

7 e ‘_).m-/l,—lv{ s ‘/e(l‘;) ’—'j‘i—)'{|ri—rjj
~ . 1 s Zge? <
1e—n(l-,‘e‘5(z) = >Z!1ii ’ (12~2)

T a i ~a
alg) = 2

(:j—,‘) J Sa—5%0—Lab ‘ :

In (2) we have designated the electronic charge
as e, the atomic number of nucleus a as Z,, and the
equilibrium internuclear distances as lIub |, the vec-
tor being directed from atom a to atom b. The.
nuclear displacements %, are hence measured from
the positions of minimum molecular energy. ¥y is
therefore an electronic eigenfunction for the K
state of the molecule in the nuclear configuration
(%¢). Hence when the cigenvalue Ef(8,) is plotted
as a function of the $,, it represents the usual po-
tential energy surface for the nuclear motions. In
particular, for nuclear configurations corresponding

to “stable equilibrium,” we have \/s,—0E; =0 and

:l; (‘:‘a : VS,,V (;) (‘51: : vr,.r.r—i(;) El{ >0 .

Now although it may be practicable to determine
¥ (v;,8,) with reasonable accuracy for a particu-
lar, generally highly symmetric nuclear configura-
tion %,, it is most undesirable to go further and to
calculate its values over a representative set of
points in $-space. The difficulties associated with
solving the eigenvalue problem at the point where
8,=0, (a=0,1,2,...), are sufficiently great that
we do not wish to encounter them again and again at
each displaced configuration of interest. Accordingly

L W. E. Morrrrr, J. Chem. Phys. 22, 320 [1954].

2 W. E. Morrirt, J. Chem. Phys. 22, 1820 [1954].

3 M. Borx and R. Orppexueiver, Ann. Phys., Lpz. 84, 457
[1927].

4+ A.D. Ligur. Ann. Phys., Lpz. 1, 221 [1957].
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we shall suppose that Wgk(v;,0) = ©,(1;) to be
known and use pertubation theory to determine its
values at neighboring points in %-space. So far as the
dictates of a particular problem will allow, the point
% =0 is naturally chosen so as to exhibit the Hamir-
ToNian in its highest symmetry.

Formally, the most straightforward procedure is
to expand ¥k(1;,8,) in terms of the orthonormal
set of functions @ (1;) = ¥k (1;,0),

Pi(ti,8) = 2. 0;(1) Cix(84) , (1.2—3)
7l

determining the coefficients Cjx(%,) by familiar
methods. The usefulness of this expansion of course
depends on the rapidity of convergence, the expan-
sion becoming worthless from a computational point
of view if the number of terms needed in the sum-
mation becomes very large. Indeed, this representa-
tion affords the most immediate way in which to
derive the symmetry rules governing the influence
of nuclear displacement on electronic motions?. In
general, it is not, however, a satisfactory expansion
for purposes of computation, since it converges only
slowly.

This is most easily seen by noting that, in the
zeroth order [where the summation in (3) is re-
placed by its first term j=£k], the representation
(3) does not allow a set of nuclei to take their
orbital electrons with them as they move. Hence, in
general, a large number of terms in the series must
be devoted to remedying this defect alone, before
considering any more subtle changes in electronic
structure that may accompany the motion. It is these
latter terms representing the associated variations
in atomic and valence coupling that are responsible
for the most important features of our problem.

There is, fortunately, an alternative procedure
which arises quite naturally from the methods gene-
rally adopted for the solution of the “unperturbed”
problem:

H(1;,0) VYk(1;,0) = Ex(0) Yk(1;,0),
ie., (1.2 4)
Hy O (1) = E2O) (1) .
(We have denoted the unperturbed energy levels
by k and the perturbed by K.) This procedure is to
“continue” the functions @ (1;), generally con-

structed from atomic orbitals according to valence
bond or antisymmetrized molecular orbital theory.

5 G.Herzeerc and E. Terier. Z. Phys. Chem. B 21. 410
[1933].
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by inserting in them their explicit dependence on the
nuclear configuration. For example, a 2 p, atomic
orbital such as one uses in m-electron theory is ex-
tended in the following manner:
Dy (1) =N(1;-1) exp[ — (Z, [ Tq !/2‘10) ] Dy (24, 8,)
:N(riA;c‘a)' fexp[_ (Z(llri‘“ga,/2a0)]
(1.2-5)
which follows immediately from a simple vector
diagram. In general, the set of functions so defined
will be complete at each and every nuclear con-
figuration %, and is therefore a suitable basis for
an expansion of Wy (1;,8,):
Pk(ti,8) = X 0;(1:,8,) Cix(3,) . (12-6)
i
Moreover, it has the advantage that as a nucleus
moves so, already in the zeroth order, it takes its
orbital electrons along, the ©;(1;,%,) being called
zeroth order functions. We may anticipate that ex-
pansion (6) converges much more rapidly than the
series (3) on this account.

It should be noticed that whereas the functions
©;(1;,%,) are orthonormal at the point =0, they
do not retain this property in displaced configura-
tions. That is, in general the matrix, whose elements
are

Sik(8a) = [ O (11, 84) O (1i,8) dr(r7),(1.2—7)

is identical with the unit matrix at the origin, $ =0,
alone. It would, of course, be possible to adopt some
orthogonalization procedure but, although this may
be desirable for certain purposes, we shall find it
unnecessary to do so here.

1.3 Perturbation Theory

Let us therefore suppose we have satisfactorily
solved the “unperturbed” problem (1.2—-4) in
terms of a particular molecular theory characterized
by its choice of functions @; and let the non-degene-
rate function @, be the zeroth order function. It is
now our aim to determine the first order energies
and eigenfunctions.

Since the basic representation that we use is it-
self a function of these displacements, and therefore
also of the perturbation which exemplifies these, the
theory is somewhat different than usual. We shall
denote by primes the first order changes in the wave
functions and the Hamirronian due to a nuclear dis-
placement, i. e., terms linear in the nuclear co-ordi-
nates.
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Hence H (11, 80) = Hy (1) + X 8- Viawmo H (11, 84) =Ho + H'
0; (11, 84) = 0;(1) + 3 84+ Vom0 0;(11,84) = 0,0+ 6, (1.3-1)
a
Cik (32) =~ Cix(0) + Y 84+ V=0 Cix (8) = 01+ Cix-
a

where 0;, =0 if (j+#£k), 1 if (j=k) [since the “unpertubed” function is taken to be ©,°(1;)]. We assume
here that the state of interest, namely K, is non degenerate. The discussion of the degenerate case will be
resumed in other communications % 7,

We now proceed to minimize the energy Ex(%,) in (1.2 —1) with respect to the C;x(%,), which charac-
terize our trial function (1.2 —6), keeping the nuclear co-ordinates %, fixed (this is equivalent to a first
order pertubation theory treatment, as may be readily verified). One thus obtains the following series of
equations: Since

H (Vi 84) Pk (Ti,s84) = Ex(34) Pk (1i,84),
we have
$a) [ Wk (11, %0) W (vi. 5a) dTar, = [ Wk (v, 80) # (53, 5a) Wk (1. $a) AT ;
which on using (1.2 —6) becomes
Ek(3a) D Clg (3a) Sim (3a) Cruk (3a) = . Ok (3a) Him (3a) Couk (3a):

l,m 1, m
setting QK (8,)/3CIk(%,) =0 yields the secular equations
Z El\' (ga) Slm (éu) le\'( Z Hlm 5 ml\( a) - (13 - 2)

m

At this point we use the expansions given in (1) to simplify the complicated set of equations given by
(2). We first note that to first order

Stm (8a) = / (@?* + @l,) (@SIL* I @;n) dr (vq)
or,
Slm (ba) = 6I m T (9[ Qm) 5 (1.; -3

and similarly
Hip (30) = B o1,m + (O H#y| Om) + Hypy . (1.3-4)
Substituting (3) and (4) in (2) yields then
S (E% + Ex) 01,m + (61| Om)1[dm.k + Cruk] = Z[E Bros -+ (85 | 35| Ol + Hiw) |03+ Clar] -

" (1.3-5)
Expanding equation (5) keeping only terms of the first order in the nuclear displacements gives one that
(E% — E) Cix + Ex o1, = Hy+ (0, #, — Ex 6y)'. (1.3 -6)

which reduces finally to
= _ (@;?‘%i“;(:(’)‘ o . ki Ex—(Ok|# O, 1=k. (1_.3 =T

The coefficient Cjx is determined, as in the more straightforward perturbation theory, by the normalization
conditions for the first order wave functions. Equation (7) can be rewritten with the use of (1) as (1.3 -8):

6 'W.E.Morrirr and A.D.Lienr, Phys.Rev.106,1195 [1957]. 7 A.D. Ligur and W.E. Morritr, J. Chem. Phys. (to be
published).



316

/e

28

\ a

A.D.LIEHR

, _qaj()f') 6%dr (r;) — Zga-<:]5u:‘(; { f(-);"(.;fo— Eg{) Opdr (r)) |
a

Cig = — - 3 (1.3—-8)
E) — EY
Vim0 Bk = V=0 { [ Ok # (vi,50) Ok (11,8a) dz (i)} . 1=k (1.3-9)
Wy (v, 84) = O (1) + O + Z @?(l‘i) 0;1( (%q) - (1.3 -10)
J
If our functions ®,°(1;) are exact solutions of the  coefficients Cj; in the form
electronic ScHRODINGER equation, equations (7), (8), '
and (9) may be further simplified to read: Op=— =0 _M'EU,. (1.3 —14)
o Ha- (el | %
= E? QiE% bk (1.3-11)  pig differs from the analogous quantities given in
N ¢ i . 0 (8) by a term involving the variation of the matrix
Vsa—0 Ex = / O (vsr 0 H) Oy dr(ri)(’l ;: 112) element, (@/!Jfo—Eg’[ ©)). This term represents

We see that, for this case, equation (9) reduces to
the Herimany 8—Feynman? theorem !°. In general,
however, the wave functions ©,°(1;) are only ap-
proximate solutions of the electronic ScHRODINGER
equation, and hence, it is equations (8) and (9)
which are valid, rather than (11) and (12). As we
have here taken the configuration (8,=0) to be the
stable equilibrium nuclear configuration, the right
hand side of equation (9) [or equation (12), if the
0, (1;) are the true electronic wave functions] must
vanish.

It is important to realize that the matrix element
Hj, does not involve the electron repulsion terms
since, by definition (1.2 -2),

Vim0 Te=Vsamo Ye=0.

Also, since 77 is, from (1.2 —2), independent of
the electronic co-ordinates we have

[ 6 (Zsa-Vera V) Ohdr
= (Z I v ‘V};) dx=0, 1+ k. (L3-13)

Thus one need only consider the terms ¥%_, of
(1.2 —2) when computing Hj,. .

If one had employed the representation given in
equation (1.2—3), one would have obtained the

8 H. Heruman, Einfilhrung in die Quantenchemie,
Deuticke, Leipzig 1937, p. 285.

9 R. P. Feyxmaxn, Phys. Rev. 56, 340 [1939].

10 For a quantitative comparison of the accuracy of egs. (9)
and (12) see A.D. Lienr, Trans. Faraday Soc. 53, 1533
[1957].

Verlag

an analytical continuation to the displaced domains
in 8-space of the eigenfunctions of the original con-
figuration. Inasmuch as (10) will in general con-
verge more rapidly than (1.2 — 3}, the former usage
is likely to be more useful, and is in fact the one
we shall adopt 1.

1.4. Spectral Intensities

In the Born—OppeNHEIMER approximation the
complete eigenfunction for the molecule, excluding
only its rotational and translational degrees of free-

dom, may be written in the form 34

Qg (1, 80) = Pk (t, 8a) NE (82),  (1.4—1)

where the eigenfunction for the k™ vibrational state
(electronic state K) satisfies

{Tn + Ex (5a)} N¥ (32) = Wi Ni (3a) » (1.4—2)

Wi being the vibrational energy eigenvalue. When
the motion is essentially harmonic — that is, terms
of order higher than |§(, 12 in the displacements are
negligible in E;;($,) — this equation is separable and
has solutions of the form 1: 13

NE(Ba) = hicay (Q0) heay (@) - - - Bbony (@), (1.4—3)

where the Q. are the normal co-ordinates for the
harmonic potential E(%,); the subscripts affixed

11 For a quantitative comparison of the accuracy of egs. (8),
(11), and (14), see A. D. Lienr, Canad. J. Phys. 35, 1123
[1957].

12 E. B. WiLson, Jr., J. C. Decius and P. C. Cross, Molecular
Vibrations, McGraw-Hill, New York 1955.

13 G. HerzBerc, Infrared and Raman Spectra of Polyatomic
Molecules, D. Van Nostrand, New York 1945.
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to the separate factors give the degrees of excitation
k(1) of the u™ normal modes.

In order to evaluate the transition probabilities
between vibronic states for electric dipole radiation,
we need the corresponding representatives of the
electric moment operator 9){. This consists of two
terms, one corresponding to the electrons only,

M= Y1,
i
and another referring to the nuclei,
EU(‘n = —e Z Z(l Iy= —e Z Zu rllo —e Z Z(I grl .
a a a
(1.4-5)

In (5) we use 1,° to denote the position vector of
the undisplaced nucleus a and —eZ, the corres-

namely

(1.4 - 4)

ponding effective charge at nucleus a. The dipole
strength of the vibronic transition K, k— L, [ is now

Wxr, 1t — [ O Me Opdrer. [ Ni" Ni'dra + D [ O% Me O drer, [ Ni €y Nidry
’ J
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given by the squared length of the vector
Mer, L= /._/97\1- (Me + Mn) 2py drer. dy
(1.4-06)
In order to assess the intensity of absorption

bands in electronic spectra, we need treat the case
K+ L, for which
WMr, = [ [ Pk Me ¥y drer, N * Ni'drn,
(1.4-7)
since Wg, ¥, are orthogonal for all values of &
(the case K =L corresponds to infrared intensities
and thus will not be considered in this paper)!.
Using expression (1.3 —10) for the (¥, ¥;), in
which we choose as our reference point the equi-
librium configuration for the ground state — though
this will not, of course, be the equilibrium configu-
ration in the excited electronic state L, say — we ob-
tain

(1.4 —-8)

+ [ () Ok MeOrdrer. + [ O% Me O dver, ) Ni™ Ni'dea + ' [ 07 Me O drer, [ N O7k Ni' da.
' 1

We must keep in mind in evaluating the integrals
in (8) that the arguments of N,“ must be changed
to refer to the arguments of Nf in performing the
final integrations. For strong band systems, which are
allowed in the first order, the first term predominates.
However, when the integral / 8?(932(, Q% dz,. va-

nishes by symmetry, the band system is weaker and
said to be “forbidden”. The remaining terms in (8)
are then all important. There are apparently also
many cases where this integral nearly vanishes ac-
cidentally and for these the latter terms again pre-
dominate ' 215, Once we have obtained the quan-
tity Mgy, 1, we are able to calculate the relevant in-
tensities by the formula ¢

Friomi—1.085 . 1011 | &% 12
-

2EKk—>Llcm71’
(1.4-9)

where fkj»1; is the so-called oscillator strength of
the transition Kk— LI. The total intensity of a
given electronic band, K — L say, is then given by
sum of the fx;—,; for all allowed vibrational tran-
sistions k— 1.

14 A discussion of infrared intensities is given in R. DaubeL
and S. Bratoz, Cahier Phys. 75—76, 39 [1956], and in
S. Brartoz, C. R. Acad. Sci., Paris 243, 1493 [1956].

2. Non-Empirical Calculation of the Intensity
of the “Forbidden” 'A;, — 'B;, and 'A;, — 'B,,

Transitions of Benzene

2.1. Construction of the Appropriate Wave Functions

Of the four valence electrons belonging to each
carbon atom in benzene, three are in sp> hybridized
orbitals, giving rise to the single bonds to neigh-
boring carbon and hydrogen atoms, while the fourth
is in a 2pa orbital. The angles between the three
sp> hybridized wave functions at each atom deter-
mine the geometry of the benzene molecule. The
electrons in the 2pz orbitals are regarded as being
free to circulate around the benzene ring and are
thus responsible for the aromatic properties of ben-
zene. We shall here be concerned only with the
different molecular states of the six electrons of
benzene which are assigned to the 2pz orbitals,
(D).

Numbering the carbon atoms serially from 0 to 5.
we take the z-axis perpendicular to the hexagonal
benzene molecule, the y-axis passing through the
carbon atom numbered zero and the z-axis bisecting
15 D. S. McCrure, J. Chem. Phys. 22, 1668 [1954].

16 R.S. Muruikex and C. A. Riexe, Rep. Prog. Phys. 8. 231
[1941].
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the bond between carbon atoms 1 and 2. With this
convention we may write the low lying benzene
singlet state wave functions, Oy, (s=N, u, v, 2, y).

as 17

Oy = (6!)—‘/23 ‘#’0(1) 1710(2) ’/'1(3) y(4)
y 1 (5) p 4(0) ,

Ou= 5 (0,+6_1—6,—6_,)
=Ne B, -Ne 6,
1 y
O = 5;(0:-6_,—-0,+6_,) (3.1 =1}

=JImO, —-Imo6,,
1) (0,46 , 0,6 ,)
—Re Oy~ NRe O,

6, =

Y

3—6,+60_))
=JmO,; - Ime,,

1
5; (05—6

where

yi=0s D0 (0°) D,

r=0

m=exp[27i/6],

(=0, %1, £2,3), (2.1-2)
0: = ‘6(1 + 2 594 cOs TTE

+ 2 85 COS 2;!5 + Sg3 COS 7T :) N (2.1 -3)
sw= [ D, Dydr . (2.1—4)

Oy = (61) 7" yy (1) Py (2) vy (3) Py (4)
v 1(5) To(6)| = O%1, (21-5)

G,=(6!) " wo (1) ¥y(2) vy (3) 17’71(4)
7_,(5) y(6)| =O*,. (2.1-6)

O = (61) " o (1) By(2) vy (3) Py (4)
v 1(5) ¥ _,(6)] = Or;, (21-17)

Oy =(61) " (1) Py (2) yy(3) ipy(4)
P (5)y »(6) =% (2.1-8)

It may be readily verified that the functions (©,, ©,)
belong to the irreducible representation E;, and that
the functions (@y, 0,, @,) belong to the irredu-
cible representations (A;..By,.Bs,), respectively.
Hence, if we neglect configuration interaction, the
functions @ (s=z,y;u;v;N) are the required
wave functions for the 'E;,, 'By,, 'Bs,. and 'A,,
states of benzene. Indeed. we shall, in the interests

J. Chem. Phys. 6.

17 M. Goerpert-Mayer and A. L. Skrag,

645 [1938].
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of simplicity, employ this approximation in com-
puting the intensity of the “forbidden 'A,, — 'By,,
'B,, spectral transitions of benzene.

2.2. Determination of the Vibronic Perturbation
for Benzene

In sections 1.3 and 4 we have seen that, among
other things, one requires the quantity

H' = _\_ i‘a’vsn: ()~%{
a

if one wishes to calculate the intensity of the “for-
bidden” spectral transitions of benzene. Hence, we
shall now express the HamiLtonian of the benzene
molecule in terms of the nuclear displacements and
determine its first-order variation with respect to
these displacements.

As was seen in section 1.3 one need only con-
sider the term %, of (1.2 —2) in calculatings#’.
Since each term in the expression (1.2-—2) for
¥". . represents the attraction of a gi\'fen carbon
nucleus for a 2pz electron plus the repulsion of that
2pt electron by the other five electrons on the given
carbon atom, the effective charge Z, in 7. , is a
function both of the distance 1,(i) that the electron
is from carbon atom a, and of the distance %, that
the carbon atom a has been displaced due to skeletal

vibrations. We shall here follow the GoepperT—
Mayver and Skrar procedure!” for evaluating
Zo[1,(1), %]
In evaluating the potential
~(a) 9/l a (= 5 |
/ e—n = *Zu 62/‘ Iu(l) — 94 1 )

the two electrons of the inner shell of the carbon
atom shall be treated as if they were located in the

nucleus. ¥, (i) is then the electrostatic potential
experienced by electron i due to a nucleus of charge
four, plus the potential due to the three sp® elec-
trons, one electron being located in each of the three
2spo hybridized wave functions. The calculation of
the vibronic perturbation can be simplified by notic-
ing that ¥°("), is also the potential of a neutral car-
bon atom with one electron assigned to the 2s and
each of the three 2p carbon wave functions, minus
the potential of a 2 pz electron.

The attraction of a neutral carbon atom, a, in the
valence state sp® for an electron follows easily from
classical electrostatics as:
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4 e? ° T’ (8)
1-((:1) (i) — — e | e /“(, 2de
(2 [t ()] | rd ()] )
]
+/e2n(t)tdt, (22-1)
r,,"(f)

where o (1),
o(t) =4 {|Pas2+ Pp, 2+ Pp, 2+ |Pp. %}, (2.2-2)

is the charge distribution of the four sp? electrons
and 1, (i) signifies the distance of the electron i

from the nucleus of carbon atom a. Thus /6([) ?de
0

must equal four. If we return to the notation of
equation (1.2 —2) where 1,(i) is the distance of
electron i from the equilibrium position of carbon
atom a and 3, is the deviation of carbon atom «
from that equilibrium position, we may write

o () =1, (i) — 8. (3.2 3]

5 - Ze? \)w 1
Yen ( 0, 3) = /
- @y a?il Oa—Sa

>
| Oa—Sa |.~x

i 54“;; _ 8, + 72) _ Py(cos da) exp(—| 0u—%a )

( g—‘;—~§a5+6 Z;a_?’a4+24

where 9, is the angle between the z-axis and the vec-

tor Z):l - ga (that iS, cos "-‘)u == f '(Ea - ‘BH)/4 (:1 - éll D
and P;(cos ©,) is the I'" order LEGENDRE polynomial.

We are now in a position to calculate the desired
vibronic perturbation

-#’ = Z gu ¥ V5n;—.—(; -# = Z sa 3 vi;'(; 1 ~9—n (Z;' g) '
a a

(2.2=1)
Making use of the relations
> 3(0q-5 9
8q\Vs,—0Ps(cos ¥q) = (9: . «) cos? Da
Ja
_8(8ar B g Da.
Oa
—~ —%a—%a  gg- 0a
Ba-Vsemoe =200, (2.2 -8)
Ya
ga'Vs,. ;)iéa — Qg = ‘e(éa' éa) Qae =
we obtain upon substitution of (6) into (7),

the required result [neglecting terms containing

I 12 Py (cos Ha) n CXP(‘_[Q—:!—% D(x =
24 ! Oa—%a I
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substitution of (3) into (1) yields the desired form
of ¥ vi‘aln(i)-

To determine 1‘.@,,(1’) one must yet compute the
potential of a 2pz electron,

fe* D2px[t(i)]*® .
~ | o EHO],
as well as evaluate the integrals occurring in (1).
Letting

(2.2 —4)

Z1q(i) and &  Z5q
a >

R ay

04 (1) =

where Z equals 3.18 and q, is the Bour radius of
hydrogen, we have 17

Dys =No(2—-0) e™®%, Ny=(2%/327a®)",

Dy, =Nyoe ??sind cos ¢,

D, =Nyoe ?sind sin g,
Doy, =Dop=Nyoe ?2cos

(2.2—5)

Substitution of (5) into (2), (1),
yields

and (4) then

(5 0a— 82 2+ 18 g5 — 8q ?

s

12| Gu—sa | (2.2-6)

0a—8a3+72 0a— 842+ 144 g, — 8, + 144)|

(8,-1) cos?, as a factor]:

H () = - 2° b3 %a’%a g (0a,%), (2.2—9)

where

’ 1 18  90cos?d, e %
g2.,(04,9,) = — A - o 61 9,5
hu(\u ’ u) 9"2 9{14 1 Qu‘ T4 Qa4 [Qa T Qa

—0,

+ 9044+ 2404°+ 48 0a® + 7204+ T2] — , c08? ¥,
Oa

- [0a®+ 604+ 30044+ 120043+ 360042+ 7200,+-720].
(2.2 - 10)

The terms containing (%, - f) cos ), as a factor were
dropped from expression (9) since they lead to
integrals over electronic co-ordinates which are zero
by symmetry. This is easily seen from the fact that
the product of all the 7-electron wave functions oc-
curring in any given integral is always even with
respect to reflection in the plane of the benzene
ring, whereas a perturbation term containing cos 1,
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linearly is of necessity odd, making the integral in
question identically zero by symmetry. Hence the
nuclear displacements perpendicular to the benzene
ring cannot, to the first order, perturb the electronic
wave functions which we are employing in the de-
scription of the benzene molecule.

2.3 The Perturbation and “Overlap” Matrices

We now wish to consider the calculation of the
perturbation matrix (Hpr). (P,T =2,y,u,v), and
the “overlap” matrix [(P|%0~E°T| T)’] where

Hypp— [0} (Z 80" Vsu0 ,;f) Ordre. (2.3-1)
= a

(P #,—ET T (2.3—2)
=280 Vs,=0{ [ Op|#,— E7| Ordre},

and so determine the extent of “scrambling” of the
states &y (T =z, y, u,v) under vibrational pertur-
bations. Because of the complexity of the calculative
procedures, we shall here only summarize the results
of our computations.

To determine the form of the perturbation matrix
we first turn to group theory. The normal vibrations
for a ring of six carbon atoms (we neglect the

“pure” hydrogen motions) belong to the species 12: 13

I‘n :A1g+B1u +B‘_’;z +B2u +E1u+ 2 EZ;Z”‘E?u .
(2.3-3)

We thus see that since (0),, ©,) are of species E;,
and (0,,0,) of species By, and Bs,, respectively,
only the normal vibrations of symmetry E;, may
appear in the off-diagonal matrix elements Hpr and
(P| oty — E"Tl T), (P+T=xz,y,u,v). Moreover,
since the product wave function ©,- 6, is of sym-
metry species Ay, the matrix elements Hpy and
(P}fo_E%}T)’, (P+T=u,v), are zero for all
permissible skeletal carbon vibrations. Hence we
have the results

Hpp=(P #y—E% T) =0, (P+T=u,v)
Hppand (P #y— Ey T) cTy(Bay). (P+T).
(2.3-4)

We also have the configurational stability equation

Hpp+ (P #o—Ep PY =0, (2.3-5)

A.D.LIEHR

which follows from the fact that the benzene mole-
cule is stable with respect to the nuclear displace-
ments of symmetry A, which tend to destroy its
hexagonal symmetry.

We now proceed to calculate the algebraic form
of the matrix elements Hpr. Utilizing definitions
(2.1 -2 and 3), one may readily verify that

[ 9$" (i) #7 (i) ) () drer, = 0 6, D 0"y,
N 7,8

(2.3-0)

where

hro= [ @77 (i) #7 (3) D] (i) drer. . (2.3-7)

And by employing (6) and (7) one may then com-

pute the integrals

Hj= [0Y* " @)drer., (i,j=T1, £2, +3, £4),
' (2.3-8)

which determine the perturbation matrix elements

Hpr (P,T =x,y,u,v). For example, we may now
write

Hpp=Hgy =2, (P =2,y,u,v)

H, =%Ne (Hi3 +Hi_3)=Red,

Hy —3m (H{’; —H;ﬁg) =Jmpu, (2.3-9)
H:u/ = —Jm (H;; ‘:"H;—;a) =—Jmi,

Hy,, =MNe (Hit —H;A:;) =Nep.
where

= Z 2042+ 3 0,205+ 0,2 (02) 5] hyy

A= 2 (02 () — g2 ()] hyy (2.3 10)
7,8

p= D (0.2 (@) + 6y (1) +] hyg.
7,8

The “overlap” matrix (Prfo—E?rl Ty P
=u,v,2,¥), is obtained by methods analogous to
those employed in the calculation of the benzene
eigenfunctions, @(;), and eigenvalues E%, (P=N,u,
v,2,y). And as these methods are well-known 17: 18
we shall here only summarize our results. Defining

.. 0/ ’ 11\’ ’
the quantities Hj; , Sy, (Cm , and &; as

18 R. G. Parr, D. P. Craic and I. G. Ross. J. Chem. Phys. 18,
1561 [1950].
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0’
H,'j =

28

a

8= 8-
a

Vsa:o {f 07 Ay 0.7 dTel.}
Vsamo {/1/),* Yj dTe].}

(G) = 2 80 Voo { [ i (Mys () i)y (2 drydry)
Yoa()]y;

eii= 28 Vaamo{ [ 97 () [Ze(1) +

we may readily derive the results
(z Hy— Eg u)' = Ne (m - E2 ITJ) :

(x Hy— Eg v)' Jm (m s JI0 n~1) ,

where

I =

4 5.0
I = S;gg(z &0

— B 1(220+ 261 + 2+ Yoo+ ¥i1+ 4901 + 2905+ 2

00
9
2¢75.

+ (2022 —Coa+ 325 —
m= ) (Hy—Hs, — Hy'y +

Iy = S 07( 80—*—381
+ 8- 1(780+’81+80+700*V11‘L47/01

()C”— s+ 30+ 2t + 20550 +¢
= 800 — Si1, (2.3-15)
m = S22+ Si-1. (2.3-16)
In equations (13) and (14) we have denoted the

values of ¢; and (i at 3=0 by the notation 7-18

0 0 - .
&? and vij, 0ij , £ and 7)°, respectively.

2.4 Calculation of the Matrix Elements

In computing the necessary matrix elements for
the calculation of the intensity of the benzene spec-
tral transitions 'A;, — ('By,, !Bs,), we shall express
the nuclear displacement vector % in the WiLsoxian
shown in Fig. 1. Since, as we
the integrand

type co-ordinates *
have already noted in section 2.2,
D, (éa) cos ¥, D, (51,) is odd on reflection in the
plane of the benzene ring (that is, under 0,), all the

19 E. B. WiLson, Jr., Phys. Rev. 45, 706 [1934].

& l=1 =t 512 \/
=SS = a8l s, (2.3

700+3V11*6)/01*3681~(5(1) 1)-r8 €11
2902 + 2932 — 2 63

*l a =12 ’
*4‘0 1*’%—1— ) s

Z4 04 (i) cos 9,(i) , of
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(,j=*x1, £2, £3, +4)
(i,j—0, 1, +2,3),

(2.3-11)
(1) dryj.
(?/ 7 e )’ = 3m(m—E2fn). (2.3-12)

(y 'y — i v)' Re (Hl e B ﬂ) .

I

1( 31 — Has + Hy. 1—H!3y>—H41+H4’_H2’—1+H2’—2)3

+38(1)+780+37/(1)1+6)/31~3¢501—51 1) £ o0 — €11

Doyl — Spa— 01+ & +n°+ 65 _»+(5?3)

~0—1 _13)

Hgl ’—H41+H47TH4 1—H‘4)L2)-

’

80— 87 3 — & — 4"+ 8151 B%s)
(2.3-14)

&<

Bbi -

s

R

Fig. 1. Nuclear Displacement Co-ordinates for Benzene.

integrals, / D, cos V. f(o.) Py dr, , vanish identic-
ally. Thus we can forget about the z-component,
the vibronic interactions,

Z(’a -8, [ (04), while calculating the matrix elements
a

)’9 (PaT:xsyyuav)-

a ’0_
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The detailed evaluation of the required matrix

elements H}Tand (P|,}f0—ET ‘T) is almost a se-

parate topic in itself (see Appendices I through IV).
Hence, we shall here only summarize the results of

this evaluation. The substitution of eqs. (2.2-9
and 10) into eqs. (2.3 —7 and 10) yields
A=06"%(a; A, +1b,% ), (24-1)

— F17
o (Zg3) — cOS 3

ap = [622‘ (— ])P a

+2[02 +(— 1) 0,%]| I, (%43) — cO

+2[0y? — (— 1)F 04*]

bp = 2sin 3 [0 — (= )7 0,7]

3 3

/13

N >
+ 4sin 3 [o.2+ (— 1) 0,7

+4sin § [0 — (— 1) 0]
In equations (5) and (6) we have adopted the con-
vention that (—1)? is +1 if P=/ and —1 if
P = u. The quantities /;(z), (j=0,1), occurring
in (5) and (6) are certain complicated integrals
expressing the effect of the vibronic perturbation
A’ (see Appendix I). The atomic overlap integrals
sp, and the geometrical factors cos w; appear in
equations (5) and (6) by virtue of our use of the
SkLAR approximation to evaluate three-center inte-
grals (see Appendix I).

1 o 3 1
ap = g0 (km -+ 2sin ; koo — 8k03) =g
—[o?— (— 1)* 0'12] ' I, (zy,) + 4sin ; I,(%ge) + 2 1, (203) —

— 2sin ; 1, (y,)

)

— o2+ (— nr 012]1 8 I3 () L (1) — 2 15 (Ty)

l — 41, (Zy,) sin ;’

— o3 [ea+

+(— D oifel +

|2y @) — 25in §

)‘}/11 en ’Vm

= . 1
I (gy) — 215 (%g5)

1, (Zy) — sin -

TT -

5 g 11(“701)"003"’380110“/ 4 x()l) )COS"’l'*mlo(]/ %1)*5021 (Zo1)

1 - 3 > o T -

85 10<2 xm) + 8g2 L (2 xm) COS Dy So IO(]/ 4 xm) —sin 5 1, (Zgy) |
— 7 .

sin I(, (@) — cos o Ly (Tye)

. I — . T

sin g s, 1, ]/ 4 To| —sin g 1, (zy)

b4 - N /
cos 1, (gp) — Sin g 8q, I ( ]/

I - 3 — ’7_
16(2-7”01>‘+‘16(25'701)T I ( / xm)

16(]/1 im)+ ANIEN
sin o, 1, ] T Eor) + coso I, ]/143 Foy )]
it Bl — 848" 10— 00 — 1+ (— I (27 — )] [2 Iy (Fep) — 2sin § Iy(Fye) — I, (5,,1)]
i — B — B8l —wngy -+ {—1" [
+ g1 = (= 1)P] (5km + 10kggsin § +32key)
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u="06"%(a, Ay+1ib, Y,
where we have defined #_,, % _,,

(2.4 —2)

ap and by,

(P = ;'s ;“)9

H_y =6 Z ()" R.. »=exp[27i/6], (2.4—3)
W =61 Z (02 Y,, (2.4—-4)

1y (%40) (2.4-5)

13

(2.4 6)

¥
4 T

Similarly the detailed evaluation of the integrals
given in (2.3 —11) yields, when substituted into
equations (2.3 —13, 14, 15 and 16), the results
(see Appendices II and III).

U — Egm = 6" (a Aoy +ibw¥oy) . (2.4—7)
1 — E?LZI =6" (am Ay +1by, Y_s) (2.4 —8)

where we have defined ap and b, (P=ur,11), as

[1 = (= 1Py + 2o sin § + k)

’sm I, (x,)

14( 5 xm) 14(; xm) +2cosmy I, ( VZ 501)

/13 — )

— I5(x) +

e, e e/

)50”
(2.4-9)
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. V. - 11— ; /7 -\ 3 -

bp — — 2sin ; [0,2— (— 1) 0,2 [ 1, (zys) {16(2 3301) + 2[6(‘]/ xm) —+ Is<2 xm)
.7 = | — F 7 e

l -+ 2sin ; 1, (%y,) [I4<2 xm) - 14(- zm) — 208 o, 14(]/ i %1)

3
2
) Tl ) )

+ 2sin ; [0+ (— 1) 6,2] | 4 sin ; 1, (zg,)
l — 21, (xy) [sinemwy I
— 2sin ; 5[5+ 2p02 + 312 — 002 + 0212 — 012 — whp + (— I)P(zﬁo ~50)]

-+ 2sin

n P 2[00
3('1) 0'1[61+

o % )
+ 2sin | 136<’sm 3 km—kog)f

Dy 4 Byty + pig— Oy —Z 8 — iy (1) (5

= (—1)7] (10 sin 7 ky — 5 kog)] :
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LG

¢

'S

sin ; I (’im)l
3 (Tge) — 2sin ; 13(501)]
*—2£)][25in § Iy @) + I o)

(2.4 —10)

Ty ] "
LR R

and where (—1)?is +1 if P=m and —1 if P=1g.

Now since the “mixing” coefficients Cir (S, T
=2,y u,v) are given as
) (8 #—Ey T) ,
Cgp = — (2.4—-11)

Ey— By

it is convenient to define the quantities .1 and M
such that

(a: H — Eg )' — Ne A =Ne (}L L i T 171) .
(x H —E )' -JmM = \)m(lu;m—EOlT()
(y #— E,, )' —dmA=—Sm(i+m— By o) ,
(y Jf*E )/ CM*‘}\‘( *m—Egu().

(2.4-12)

In terms of the nuclear displacements R, and Y,

these auxiliary functions ~1 and M have the follow-
ing values:

A=6%(A4 R+ iBaY.,),

) . (2.4 —-13)
M=6%(Ay#o+iBu¥.,).
where
Asg=ay+ ay, Bi=b,+ by (2.4—14)
Ay = g+ Ay s By — b/z = bm

2.5 The Benzene Normal Co-ordinates of Species Es,

Since, as we have seen in section 2.3, only the
vibrations of symmetry species E,, can “mix’ the
1E, with the ('By,, 'Bs,) benzene electronic states,
we need compute only the normal co-ordinates of
species E,, . But because of insufficient experimental
information relating to the !By, and !By, electronic

states we shall use in our calculations the normal

20 E. B. WiLsox, Jr.,
2t E. B. Witson. Jr..

J. Chem. Phys. 7, 1047 [1939].
J. Chem. Phys. 9. 76 [1941].

co-ordinates of the 'A;, electronic configuration,
i. e., of the electronic ground state. We shall, how-
ever, assign to these normal co-ordinates the fre-
quencies observed in the 'B,, configuration (the
normal frequencies of the 'B;, configuration have
not as yet been determined). The effects of such
approximations will be discussed at length in sec-
tion 2.8.

In deriving the normal co-ordinates of species E..
for the electronic ground state of benzene we have
followed the well-known F, G, and L matrix tech-
nique of WiLson 122021 As the F and G matrices
for the E,, vibrations of the benzene 'A;, electronic
state have been computed by Crawrorp and Mic-
LER 22, we needed only to compute the L matrix in
order to relate the internal symmetry co-ordinates,

'y)ﬁla ([:(l,b), (5:65 7’ 879)7

FLoa = — 2% Ne J/Q Fop = — 2% Sm.z‘/2
Fra=—2%Ne P, Fp=—2%JImP,
Lo = — 2% Ne (@ ./V‘g) ‘¢8b =—2%Jm ((') /2)
yga = 2% Jm -9?_2 ,ygb = 2% Ne 4 -~

(2.5-1)
where (o =exp[27i/6])
oS g =067 Z (02)" oty .
r=0
a, = change in angle between C—C bonds r and
r+1; 2% being the equilibrium C—C bond
length;

By=y' 6% D () By .
=

22 B. L. Crawrorp and F. A. MiLer, J. Chem. Phys. 17, 249
[1949].

L.
94
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f, = change in the angle of the C — H bond with the
exterior bisector of the C—C— C angle at the
r" C atom; y° being the equilibrium C—H
bond length;

5

Py=6" Z (07 o,

r=0

= change in the r'" C —H bond length:
Ny =6" Z (¥ yr,
r=0
7, = change in the r® C —C bond length;
(2.5-2)
to the normal co-ordinates Q;;, (t=a,b), (k=6,7,
8.9). The results of this calculation are:

6 7 8 9
047912 0,24373 051619  0,26282 6
@ = - 0,010185  1,03550 —0,051420 —0,017635 | 7
- 0,097510 —0,062282 — 0,43033 — 0,097908 | 8°
—0,19280  —0,065658 —0,62798 -+ 0,83858 9
(25— 3)
The substitution of (3) into the formula
9
Fa= D LaQue  (t=ab), (2.5-4)
=6

then yields the desired relation between the internal
symmetry co-ordinates % and the normal co-ordi-
nates Q. In equation (4), (Qxq, Qiy) are the
doubly degenerate pair of normal co-ordinates of
symmetry E,, which are associated with the normal
frequency vy .

2.6 Matrix Elements Expressed in Terms of Normal
Co-ordinates

According to (1.3 —7 and 8) and (1.4 —8 and 9).

it is the matrix elements (6;|# — LK] ©;)" which

determine the extent of interaction of the benzene

states ('By,, 'Bs,, and !E;,) and the intensity of

the spectral transitions 'A;,— ('By,, 'Bs,). Hence
we desire to know the quantities,

A=6"(AsRy+iBaY_y) =i+ m— Eommr,

M=6" (A Ao+ i By ¥oy) =+ m— Eommt,
(2 6-1)
rather than the values of (4, «) and (m, H_I 111, Lu)

i

separately. In equation (1) we have designated the
energy of the benzene states 'B;,, and 'B,, by E,°

23 A. D. Lienr, The Interaction of Vibrational and Electronic
Motions in Some Conjugated Hydrocarbons, Thesis, Har-
vard University 1955. This thesis contains an intensity cal-
culation based on eqn. (1.3—11), and a preliminary ac-
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and E,°, respectlvely (we shall later designate the
energy of the !E;, states as E,°); and have defined

Ap and Bp (P=A, M) a

As=a;+ ay. BA =by+ by >

BM = b;; + bul .

It is now our task to express #_, and % _,, and
hence A and M, as functions of the normal co-
ordinates (Qj). We shall proceed to solve this pro-
blem by obtaining a relation between the Feq,»
of section 2.5 and (#_5, % _5). A simple substitu-
tion into (2.5 —4) then yields the desired result.

The relation we seek between (Z% _5, % _,) and
is most simply obtained by vectorial addition of
their displacement diagrams. This procedure yields 23

Ne Z_y = (3[3)" (3 Loa + 32 F34)
SmM Ay = — (*[3)"% (3 Lov + 3% Fgp)
Re Y _, = (%[3)"% (Leb + 3% Lp)
SMY_y = (35)" (Lea+ 3% Sga) .

(2.6-2)
Ay = Ay + Ay

(2.6 —3)

The substitution of (2.5—4) into (3) then gives
the sought result
9

Z (3 Lor+ 3" Lgx) Qra s

2/g)% Z (@ Ly 3 L) Ory s

Ne H#_, =
SMA_, = —
Re #_, = (3/,)" (L(;], + 3" Lgi.) Qs

SMY_y = (3[5)" (L(,;, +3" Lgy) Qra-

(2.6 —4)

TMa TMo

The quantities <1 and M are now obtained by plac-
ing the results of equation (4) into equation (1):

(P=.1A, M)

9
P=2 > [(34p—Byp) Lo+ 3"(4p—Bp) Lsi] Qra
=6

5 ~
—21 Z [(3 Ap—Bp) L+ 3" (Ap — Bp) Lgi] Qps -
=6

(2.6 —-5)
If we define for (P = .1, M) and (k=6,7,8,9) the
quantity
Dp=2(3 Ap—Bp) Lei+2(3)"*(4p— Bp) Ly,
(2.6 -6)
count of the theory of vibronic interactions in degenerate

electronic states. Copies of this thesis are available from
the author upon request.
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we may write (5) in the more succinct form

9
P= > Dpr(Qra—iQu), (P=4,M). (26-7)
i=6

2.7 Calculation of the Oscillator Strength of the
Benzene 'By, and By, Ultra-Violet Band Systems

We first note that the spectral transitions 'A;, —
('Biy, 'Bs,) are electronically “forbidden” (recall
section 1.4) since, on symmetry grounds,

/Q%Tw?e@%drel.zo (L=u,v).(2.7—1)

Equation (1) follows by noting that since ®, is of
symmetry species Aj,, O7° (T =u,v) of symmetry
species (By,, Bs,), and Ii. (the electronic dipole
moment) is of symmetry species E;, , the integrand
of (1) is not an invariant and so on integration
must vanish identically. Hence equation (1.4 —8)
becomes for (L=u,v):

Mo, Ll=f95{f93?e 0% dre. ng.* Cx1 N7 drn
+ [ O Me Oydrer. [ N Cyp N drn . (2.7 - 2)

Equation (2) gives the transition moment Wik, 1
for the spectral transition from the vibrationally un-
excited electronic state @y ('Aj.) to the electronic
state ©,('By,) or ©,('Bs,) with an arbitrary degree
of vibrational excitation /. The remaining terms of
equation (1.4 —8) were dropped in (2) because
(L =u,v) implies

/9‘}*% O0%drea. =0, (I=N,z,y) (2.7—3)

on grounds of symmetry alone; and because, for
benzene, integrals of the form

f/@NTime@T d‘L’el NA*NZ drn

are very small (see section 2.8).

Myo,u = Myour) = / OF Me OF dre. l —
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The choice of a “cold” electronic transition
'Ajg— Byy, Bs, (that is, an electronic transition
in which the initial state, here 'A;,, is vibrationally
unexcited) was made in order to obtain a tempera-
ture independent result. Since the relative popula-
tion of the various vibrational levels in the initial
electronic state 'A;, occur linearly in the intensity
formulae 12 13, one must multiply each vibrational
transition by its Bovrrzman factor. The Bovrrzman
factors are small (order of 0.06 at room tempera-
ture) for the excited vibrational states in the 'A;,
electronic configuration; thus one may, to a good
approximation, consider only the “cold” electronic
transitions as was done in equation (2).

Now from (1.3—7 and 8) and (2.4—12) com-
bined with (2.6 — 6 and 7) we have the relations

Q

Or Re .1 1k Qka
zu**E :""ZEz "Euoq
o _ Jmd & Dy

yu— E’° Eo**k 6E'yo_Euo

) . (2.7—4)

o _ Jm M \ Dw, 0/,1,

w= T po_go- T Z

v Re M 9 D,,A (),,,,
On=— g5~ 15

Hence, to the first-order in the nuclear displace-
ments, the vibronic perturbation allows only vibra-
tional transitions in which there is absorbed one
quantum of vibrational energy corresponding to an
oscillation of symmetry E,. . Moreover, the approxi-
mation of a cold electronic transition has the im-
mediate consequence that the transitions 'Aj, —
Biu, !By, are only allowed if the upper state !By,
or By, has a singly excited normal mode of sym-
metry species E,.. Thus in equation (2) we can
set [=1(k) and by use of (4) derive the result

9

L;G Pae FN* ‘ S ]

B — Eu"/ Ny (Qka Tka)A]m d7q ] s
o (9.7 -5}
> D

k=6

’ : ME i _
Wxo.u = Mo,oiwy = [ OF Me Ordrer. | — p5° po [ N0 (Qka+Quo) Nigy drn | -

We have here used the fact that the two components (6., ©,) of the 'E,, electronic state have equal transi-
tion moments, Since only one normal mode Q4 may be excited in the states By, and 'Bs,, we have
finally, upon integration over the entire band system (this eliminates all the vibrational integrals except
that over Q4. 5):
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Myo,u1xp) =

p(o ‘ QAI’

Mo, v16p) = (—1 B0 —

where (—1)Pis —1if P=aand +1if P=0.

(0 | Q/.P | 1) D 1/.

1) Dy
E 7o

A.D.LIEHR

/ O% Me Odre,
(2.7-06)
/OON* Me 92 dter. .

Let us, without loss of generality, take the energy of the ground electronic state 'A;; to be the zero of
energy. Then substituting (6) into equation (1.4 —9), making use of the relation 16

f:v_,x: f‘v\'_ﬂl: 1.085‘ 1011

we obtain (P=a,b; £k=6,7,8,9):

(0 Qup 1)* D%y BuS
fNo—su1 Py =

ES—E, 9% FE.0 N—z,
el e (2.7-8)
| 11)2 2

iy _(0/@up 1) Dl B0

NOo1P)= (o o golN-e

Using the numerical values of the integrals /; (z)
(j=0,1,2,3,4,5,6) tabulated in appendix IV,
the integrals 7;;°, 0;;° and ¢;° tabulated by Parr,
Craic and Ross 8, the constants k;;, etc. tabulated
in Appendix IV, we have obtained the numerical
values for the Dpy (P =, M) given in Table 1 (the
numbers in parenthesis give the defining equations
for the quantity tabulated).

Further, if one neglects the change in equilibrium
internuclear distances in the excited state we may
write (see section 2.8 for a discussion of this ap-
proximation) :

(0] Qxr|1) = (8 z;z";k)/’ ;4.10568-10—8 v *,
(P=a,b),
where A is Pranck’s constant, ¢ is the velocity of
light, v is the frequency in cm™, and N, is Ava-
Gapro’s number. Thus using both the theoretical and
experimental values of fy_,, and Er° (T =2,y,u,v),

and the experimental values of i for the 1By, state

[y M Oy dr,

EO (cm™),

e2

(see Table 2), we have the final theoretical results
for the intensities of the Az — ('By,, Bs,) transi-
tions of benzene as given in Table 3.

2.8 Discussion of Results

We see from Table 3 that although the absolute
intensity of the transitions 'A;, —('By,, 'By,) agrees
well with experiment, the distribution of intensity
between the normal modes Qg and Qg (t=4a,b),
for the 1By, state differs from the experimental value
by a factor of three hundred. This discrepancy is
not too surprising when one considers that this dis-
tribution depends rather critically on both the nor-
mal co-ordinates Qs 1), as described by the (L)

ax(24—5) | bx24—6) | au(24—5) | bu(2.4—6)
—2.1303 | —7.0383 | —2.2679 +5.0699
am (2.4—9) | bu (2.4—10) | am (2.4—9) | bu (2.4—10)
—2.1781 —6.6580 | -+1.3758 —6.7082
A4(2.4—14) | Ba(24—14) Am(2.4—14) | Bu(2.4—14)
—4.3084 | —13.6963 | —0.8921 —1.6383
DA6(2.6—6) | Da7(2.6—6) | DAs(2.6—86) | D.Ao(2.6—6)
+3.9100 | —1.6496 | —13.1986 | —2.7787
D6(2.6—86)  Dy7(2.6—6) | Dus(2.6—6) | Daro(2.6—6)
—0.7427 —06670 | —21840 | —0.7987

Tab. 1. Numerical Values of the Vibronic Constants in Units
of Z2 e?/ay®-1072.

vg(expt’l)2t ‘ v, (expt’])24
521 emt 3080 cm-1
Nz T+ sy (expt])? | fNoa T vy (calc’d)?8
0.88 ‘ 2.566
E,° (expt’])1® ‘ E,°(calc’d)!®
6.2e.v. | 7.3 e.v.

g (expt’])2t [ g (expt’])2
1470 cm-1 i 1130 cm-!
= E,° (expt’])!® | = E,0 (calc’d)®
7.0e.v. l 9.8 e.v.
B0 (expt’1)® E,® (cale’d)ss
49e.v. ‘ 5.9e.v.

Tab. 2. Theoretical and Experimental Values of vz (k=6,7,8,9), fN—z, and ET® (T=z,yu,v).
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Calculated Using expt’]l E7° and fN—z

Calculated Using Theoretical E7°and fN—z

9  (27—8) |, 9

=

0.454 0.00318

Ixo—v1@®)/fNo—v1(s)
0.326

fvo—u1(®)/f¥o—u1 @)
0.427

fvo—u1 (expt1)* fxo—v1 (expt’1)?7

0.094 0.0014

). (2.7—8) J
fvo—su1 =k%6ﬂv0~+u1 (kap) INo—>v1 :kt:efNOﬁvl(k,,,b) ‘

fx¥o—u1 fNo—v1
0.257 | 0.00269
fxo—u1@/fyo—~u1 (s ! Ixo—v1®/fvo—sv1(®
|
0.248 | 0.326
’ Ixo—s
fN—):c + fN—yy (expt 1)25 49—*—”1 ®) (expt’l)“
/NO—wl ®)
0.88 ~100

Tab. 3. Theoretical Results for the Intensity of the 1A1g — 1By, 1B2y Spectral Transitions.

matrix, and on differences of the vibronic inter-
action constants Ap and Bp (P=4, M) (see equa-
tions 2.6 —6 and 2.7 — 8). As we have not used the
correct normal co-ordinates for the excited states
'B;, and !By, , but have approximated them by those
calculated for the ground state 'A;,, we cannot ex-
pect that the relative magnitudes of the matrix ele-
ments L;;, (j, k=6,8), of the By, and 1By, elec-
tronic states have been properly assessed. Also, since
the vibronic interactions Ap and Bp (P=A4, M)
have been computed by use of the Skrar 2 approxi-
mation for three and four center integrals and the
Parr 2% approximation for electron correlation inte-
grals, these quantities are only correct as to order
of magnitude. Hence, quantities, such as the vibra-
tional-intensity distribution, which depend on weight-

ed differences of Ap and Bp (P=A4, M) can be

expected to be in error by a non-trivial amount.

We also see from Table 3 that the intensity of the
1Ajg — 1By, transition is too large by a factor of
two and a half. This discrepancy is undoubtedly
due to the neglect of terms of second-order in the
nuclear displacements, as these terms are not negli-
gible when the corresponding first-order terms are
as large as those of the !B, electronic state (see
Table 1). Since the labor required to include the
second-order terms is prohibitively large, we have
not attempted to refine the first-order result given

in Table 3.

In section 2.7 we neglected terms of the type
(L=u,v)

JNG* [ OxMe O dver, Ny dva = 37 [ 02 Me(Vsmo O [No " 50 NI’ d7n) e,
a

(2.8-1)

[N [ 0% Me Opdrer, Nidin=3 [ OF Me(Vsymo Qs [No ™ 36 NI dn) e,
a

on the grounds that they are very small. The con-
tributions of the integrals given by equation (4)
to the intensity, had they been included in (2.7 — 2),
is of the order of 1072 to 1072 times the experi-
mental values for the 1A;, — By, transition, as was
first shown by Seponer and Herzrerp 3°. This was
to be expected since such terms represent only the
change in magnitude of the elementary dipole mo-

24 F. M. Garrort, C. K. Incorp and H. G. Poore, J. Chem.
Soc. 1, 505 [1948].

25 V.J. Hamvono and W. C. Price, Trans. Faraday Soc. 51,
605 [1955].

26 C.W.L.Bevax and D. P. Crate, Trans. Faraday Soc. 47,
564 [1951].

ment integral

/ ONN§ *Me O N{ Atndter., (L=1u,v),
(2.8-2)
from the zero value attained at the equilibrium
nuclear configuration.
Also, in equation (2.7 —9), we have neglected to
include the vibrational overlap integral which arises

27 H.B.Kievexs and J. R. Pratr, Technical Report of the
Laboratory of Molecular Structure and Spectra, University
of Chicago 1953/54.

28 A. L. SkLar, J. Chem. Phys. 7, 984 [1939].

29 R. G. Parr, J. Chem. Phys. 20, 1499 [1952].

30 H. Seoner and K. F. HerzreLp, Z. Phys. 133, 41 [1952].
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from the difference in the equilibrium nuclear con-
figurations of the 'Aj, and ('Bj,,!B,,) electronic
states. The correct evaluation of (2.7—-9) is as
follows (L=u,v). Now by definition,

(0/Qer 1) = [ 1) (Qip) Qir by (Qkp) dQip. (2.8 -3)

the functions A(Q) being defined as in equations
(1.4—2 and 3). Expanding the function k;}'( ;‘,Vp)
in terms of the excited state vibrational functions

ht (QLI:I’) , we have

ko (Qip) = D bl (Qip).  (2.8-4)
l

€= f ko (Qip) hlL(QfP)dQlfp. Z S,

=0
Hence, we may re-write (2.8 —3) as

(01Qer 1) = Y i [ ' (Qip) Qirhi (Qir) dQip.
l

1,

= (co+2%0cy) ( "!V't.)/’. (2.8-5)
8atcwyy

Since the nuclear configurations of the 'A;, and

("Byyu, 'Bsy) electronic states are not too dis-similar,

the normal co-ordinates Q1p and pr should be ap-
proximately the same (see, however, the comments
at the beginning of this section), and so the integral

co= [ Ho (Qip) ko (Qkp)dQir  (2.8—6)

should be close to unity. This approximation is ne-
cessary as we do not possess sufficient experimental
data for a normal mode analysis of the excited
states. However, we do not believe that this approxi-
mation greatly affects the calculated absolute inten-
sity of the 'A;, — 'By,, !By, spectral transitions.
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APPENDIX I
Calculation of the Matrix Elements,
k' (r,2=0,1,2,3,4,5)

In terms of the co-ordinate system given in Fig. 1,
the vibronic perturbation #  (see equation (2.2—9)

A.D. LIEHR

can be written as (the z-component has been omitted
in the light of the discussion given in section 2.4).

. VAT . ; ;
H (i) = — =3 Y [Rq sin 9 sin g (A1—-1)
0 a
+ Yasin &4 cos @q] ga (0as Ba) »
since
Z3 v/ :
Sz = [Yat+ Rai+Zo 1] - (A1—2)
ay 0]
If we now employ the notation
—Z%e? : ’
(rlalt) = - - /QD, {[Rasin 94 sin ¢q (A1-3)

+ Y g sin @ cos @4l ga (0as Fa)} D¢ dzer ,
we may write the desired matrix elements as

by =X (rlalt) = [ @ (i) #'() Dy (i) drer . (A1—4)

hq’-,. Integrals:

Since &’ depends linearly on cos ¢ or sin ¢, which
upon integration from 0 to 2 7 yields zero, we have

(a@]a|a) =0, for all atoms a. (A1-5)
Furthermore, by (2.2—-5)
=7z, , 0
0]1]0) = i N [ 05* cos 2, ¢~ ° (A1—6)

- {R; sin 9, sin ¢, + Y, sin 9, cos ¢,} ¢, (01, 9;) dzer .

We transform our co-ordinate system to bipolar co-
ordinates as indicated in the accompanying Fig. 2 (z¢
is the bond length between atoms r and ¢).

Fig. 2. Bipolar Coordinates System for the Evaluation of the
Matrix Element (0[1]0).

The angle f is measured about the bond z, ranging
from 0 at the Z axis to 2 7. The angle a is measured
from the bond zy; to the radius vector o. Hence

cos By.= sin o cos f3,
sin & cos ¢, = €os o, sin /3 + sin o, sin B cos 7/3 ,
sin 9, sin ¢, = — cos &, cos 77/3 + sin «, sin fsin 7/3 ,

cos ¢, = sina, cos f8,

sin &, cos ¢, = — cos o, sin /3 — sin o, sin § cos 77/3 ,
sin 9, sin ¢, = — cos o, cos /3 + sin o, sin fsin /3,
0 Sin oy = o, sin oy, (A1-17)

0( COS 0y - 07 COS &) = ¢y -



INTERACTION OF VIBRATIONAL AND ELECTRONIC MOTIONS 329

- 3
Using (7) in (6) vyields (since dter = dr (% 0 ) = <2’> do-dﬂ)
2 p2
0]1]0) = Za‘—): N2 / dB day, e~ % sin? o cos® B 0,29y (015 %, B) cos oy [R, cos #/3 + Y, sin /3], (A1-8)
where N2 is (ay/Z)3 No2 (that is, N equals 1/32 7). The terms containing sin 8 have been dropped in (8)

since the integrand for these terms is of the form

2n
[ cos2tBsinpdp—0. (A1—9)
0
Defining I,(x;;) as
2 52
I, (xy)) = Za : N2 / dB doy: e % sin? a, cos oy cos? B 0.2 gr (07, ar, B), (A1—10)
X J
we have finally
(0]1]0) = (R, cos /3 + Y sina/3) I (x) - (A1—11)

Proceeding analogously for the other integrals, we obtain the results given in reference?). The summation of
integrals such as those of equation (11) then yields the diagonal terms of equation (2.3 —10) as

’

5
Y (0 h, = 6 K-y [ 1 (xy3) — cos 7t/3 I () — sin /3 I, (xy,)] + 21 6" sin /3% _y [sin /3 I (xy,) — cos 7t/3 I (x,,)],
=0

r

the quantities Z_2 and %_» being defined as in equations (2.4—3 and 4). =
h;.t Integrals with r+t odd:
The first integral of this type is
©lo|1) =" azoz ¢ N2 [ ao01 €@ T @2 cos B, cos ), sin 4 go (00, Do) [ Ry sin gy + Y cos gp] den. (A1—13)

which when transformed as in (7) and (8) becomes
0]0]1) = Z;;? e f doyy df sin? oy 0g% € /2(@F ) cos oy c0s? B gy (09 g, B) [RyCOs /3 — Yo sin 7/3]. (Al—14)

Defining I, (x,¢) as
I () = 7;20:2 N2 / doy, dBsin® oy cos ay p,2 e 2@ T g (0. oy, ) cos? B, (A1—15)

we have the desired result
(0]0[1) = (cos /3 Ry — sin 7/3 Y¢) I, (24y) - (Al1—16)

The case of (0]2]1) is slightly different since it is a three center integral. We shall use the SkLar approxi-
mation 2% in integrating it. To a fair approximation

(|19 ~ spa '\ 7| D), (A1—17)

where @, is a 2p. carbon atomic orbital centered at a position midway between p and ¢. and sy, in the over-
lap integral between the original orbitals @, and ®@,. For example, we have for (0]2]1),
0]2]1) ~ 5y (07]2]0%). (A1—18)

In (18) the bipolar co-ordinate diagram appears as shown in Fig. 3.

0’ ’
wWy=arc cos(%;) 2

5 W/
wz:gr-w,:arccosfgf?)'!y 9
Fig. 3. Coordinate System for the Evaluation of the Matrix . & a
Element (0']2]0"). 3 R, ¢
Thus (18) may be written in the form
(0] 2] 1) ~ 501 (07| 2] 0") = (B, cos w; + Yy sin ;) 83 Lo [(1)" %,,] - (A1—19)

By analogous means we may find the remaining integrals (r|a|t), r+¢ odd. These integrals when substituted
into the corresponding terms of equations (2.3 —10) yield 23
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:;[(wz)r+l h;-t = 2(6)1/’%—2{11 (g3) — cos 7[3 I (xgy) — cos wy sy I [(‘U')yziox] + 2cos w8y I, [(%)%501] — 803 1y (101)}
7+t odd + 40 6% sinn/3%_, {sin wy spy I, [(32)" Zo,] — sin 7/3 I, (Zy)} » (A1—20)
where wg=arc cos[7(13)"2/26].

h p¢ Integrals with r+t even:

The methods used to evaluate these integrals are the same as those used for h,, and for h, with r+¢ odd.
Hence we may write 23

% (wz)H—‘ hrt = 2(6)% Ry {502 Iy (3 1) + 802 Lo (3 To1) — €Os 0, 84 I [(%)1/2 ‘z'm] —sinz/3 I, (502)}

7t > ¢ § I
7+t even + 4isin /3 67 U_, {cos /3 I, (3" zy)) — sin w, 803 Iy [(3)% 2y]} - (A1—21)
APPENDIX II
Calculation of the Matrix Elements S/_22 and S;_l
Since by definition S;,' is given by S;j =2 %a '\7;,,,:3 {f 1/4'; Y, dTel.} s (A2—1)
a
direct integration yields S,_z o = 0y? Zt (w?) (r| e, (A2—2)
=
811 =02 3 (— ety (A2—3)
r:i
where ()= 010 + ¢ |¢) = { [ & Prdrar | . (A2—4)
It is convenient for later work to define the corresponding unprimed equation (4) in terms of the integral I, (z,),
I, (x) = NZ/ orote” Y (er + 20 gin g, sin oy cos? fdoredf. (A2—5)
Thus we have for this case sie=(r|t) = I, (xre) - (A2—6)
Now by use of equation (1.2—5) we may derive
D" (or, ) = X80~ sgumq Pr(er ) = — No (sr- D™ %o - 225 @, (7). (A2—17)
a r
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The substitution of (7) into a portion of equation (4) then yields
’ . ZNy? — % (er + 00 : ;
(r|t)= /(15,° D, dre, = —ﬂ—/drel, or cos ¥y gg cos By e~ 2T [Rysing; + Yicos g]sindy.  (A2—8)
o

Letting I5(x) be given by
2
I, (%) = — %g~/drndﬁgﬁ sin? oy cos oy cos? B e Yalertend (A2—9)
0
we then have, for example,
(0[1)" = [(Ry + Ry) cos /3 + (Y, — ¥,) sin 71/3] I (Zoy) - (A2-10)
The remaining integrals (r|t)’ are obtained analogously 23, if one remembers that terms containing 8, - £ vanish
identically on integration, and that integrals of the form (r |r)’ vanish upon integration over the azimuthal angle.
Then the substitution of the integrals (r|t)’ thus obtained yields the desired results

’

8_gp= B 0,2 Ry [2 I3 (Tg3) — 28in 7t/3 I (%gy) — I3 (Tgy)] + 24 sin 7/3 (6)1/2 0.2 Yy [13 (x5) — 2 sin /3 Iy ()]
(A2—11)

8]y = 6% 02 Ry [ () — 2 5in /3 Iy (Ts) — 2 Iy (Tg)] + 2 sin 71/3 (6)% 0,2, [28in /3 Iy (Zgy) + Iy (Zz)]. (A2—12)
The required vibronic interaction, induced by the terms Sl_zz and S '1_1, is readily computed by multiplying
equations (11) and (12) by the GoeppErT-Maver and Skrar formulae!” for E,° and E,°:
By = 2¢0+ 8¢ + &5 + 750 + 670, + 2705 + 39 + 390 — 380 — 8o — 0]y + 0255 — 0 — £+ 247,
(A2—13)
By = 2eq + 36) + &3+ 70 + 6701 + 270 + 370y +370s — 380 — 80p — 8]y + 0055 — 0y + & —29°.
(A2—14)
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APPENDIX III
Calculation of the Matrix Elements HY (i, j= *1, 2, 3, +4)

. . . 0 , . .
We have seen in section 2.3 that the “overlap” matrix (P (#y—Ep|T), (P,T=u,v,z, y) is determined by
the integrals H?j and S;;, where

HY = NEE Usamo{/ i #,6;d7a}, (A3—1)

and where S;; is as given in Appendix II. Thus before we can compute the “overlap” matrix we must evaluate

equation (1). This evaluation is best illustrated by considering a specific example, say H§1 )

Hyy = { w5 095 @)1 B) v] 4 v1, ) 975 6) #o 3(— DT po (1) g ) yy B) 1y W y_y ()9 (B dzar . (A3—2)

Using the spin and orbit orthogonality of the equilibrium molecular orbitals 1;° (jzb, +1, £2) we then have
Hyy =85 (260 + 3e] + v00 + 3701 + 670 — 300 — 01 1) — 8118 +e_op + (288 — 83 + 3857 — &)

(A3—3)
where &';571 and ¢;; are as given in section 2.3. Similarly, as a further example, we have
HY, = (¢5%) + 8, 7" (A3—4)
Evaluation of the Integrals (C}C]l) :
As an example of the evaluation of these integrals, we shall consider the special case of (ng)l ,
(68 = {/ [ ) w0 1) 2 0 @) 2 ) dmy ) (43—5)
Defining (rs | pq) as
(rs|pg) = fd’r(l) s (1) ';'122 Dy (2) g (2) A7, d7y, (A3—6)
we may reduce (5) to
(220) = T og?og? (wPtelrs]pa). (A3—7)

7,8, P9

To proceed further we make use of the Parr approximation®® for evaluating the integrals (rs|pg). This
approximation sets the functional product @, @, equal to zero if p 5 ¢ (hence, the normalizing factor 6:* becomes
1/6, (§=0, £1, £2,%3)) and thus concerns itself with only the evaluation of the Courous integrals (pp|qq).
These CouLoms integrals are then equated to the classical CouLomsic interaction of two pairs of tangent, uni-
formly charged, non-conducting spheres of diameter R, and charge /2 e, at a distance r apart. Hence we may
write 2?

(Rp =2 Rpfay, 1 =2Zrjay) : (pp | aq) = Ze*f2r [+ Bp2frt) %], (=5

The undetermined diameter R, is chosen as the equilibrium bond distance of the benzene ground electronic state 2®.
In terms of the notation of section 2.2 and Appendices I and II, the distance 7, which describes the separation
of atoms p und g, is given by

7=|ZTpg+ S¢— Sp|. (A3—9)

Therefore, the integrals (pp | ¢q)” are given by

(Ppla9)’ =X 8a Vsaeo (PP 29) = kpq (5 — $p) + | i"”—l, (P+9, (A3—10)
g
where
2% (14 Ba2 ) — B2zl (1+ BT
- é’%f;z[ ( v/ *pq p/ ¥pq v/ pg .
pq 0

kpq = k(xpg) =
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In equations (9) and (10), the unit vectors £pq/ | Ipq| are directed from atom p to atom g . The integrals (pp | pp)’
vanish as the Couroms integral (pp |pp) is a constant independent of s, .
Substituting (10) into (7) we then have the desired result
, 1 1 7
(E0) =2 S (@PF(r|pp) SrsOpg= o X (@37 (rr | pp) (A3—12)
36, 5.4 36 .
6%
36 {5 [cos 7t/3 kg + sin 73 kgy + 2 kog] + 20 sin /3 U _, [ky, sin /3 — kg, cos 7/3]} .

In deriving (12) we have made use of unit vector identities such as
Ir,ri1 = Npy1 008 /3 + Yry1sin 7/3 = — Ry cos w/3 + Yprsin /3, (A3—13)

where the German lettering indicates a unit vektor along the corresponding Roman letter co-ordinate. Similarly we
may derive

. ek
(583) - ‘L {R_y [kegg — Koy O /3 — kg sin /3] + 24 sin 7/3 W_, [kgy cos /3 — ko sin 7/3]} ,

( {9? [koy cOs 7t/3 — kyy sin 7t/3 — kos] — 2 sin /3 ¥, [kyy sin /3 + ky, cos 7/3]},
(5121 )' {@_ [kop sin 7t/3 — 2kgg — kyy cos /3] — 21 sin 7w/3 Y _, [koy sin /3 + ky, cos 7/3]}, (A3—14)
(8 — G - (L - ) - (6

Evaluation of the Integrals ¢;j :

To illustrate the evaluation of these integrals we shall compute explicitly the term &_

Lo ={[vlal WD)+ 7 W] p (1) dry} (A3—15)
Recalling the definition of Ve_,, (1) — given in section 2.2, we may write
Ven M =270, (A3—16)
where "//éa_),? (1) satisfies the relations 7 (see section 2.2)
y® i =7®) /@ ° . (A3—17)
[7e) +7@L@)] 22 (1) = W3, 2.0 (1), (A3—18)

’

0, . G
Wy, being the energy of the 2 p. electron of a carbon atom in its sp? valence state. Hence, ¢ _22 may be expand-
ed to read as follows:

& _go=X (¥t [ [@/ (fe+ > Vg@,?) DO + DO (fe+ zvg“lg) @/] Bt (A3—19)
rt a a
£ g5 = Y (0?10 [w [ D 0 [0 — Y (p0:r't0) + wgp (r°|t) — X (p°:r’)
oot v+t - pFr
— 2 @10 — 3 0| ] (A3—20)
vF P
where P:r'0) = — [ & VP20 drer. . (A3—21)
Collecting terms in (20), we have finally
E_gg = W3y 8_go— 05 Y z (p%:rr)’ + 3 ¥ (w Gt N (p0rt)’ £ 2 Y () T (0 10) (A3—22)
22 p*r,p+t r+t

rt r4Lp

+2 3 (@R re+ 3 (wﬂ)’*‘(p‘)p"lrt)'}.
pF+r,p+!

The Parr approximation2® applied to the terms (r7°|rt%)” and (p°p°®|rt)” of equation (22) yields (note
that since atom p is here fixed, s, must vanish) :
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a2 Y (@) T rt) = 6 R, [2kyy cos )3+ ko, sin /3 + kyg] (A3—23)
0,2 Y () (0 | %) = 0 (since @, D, — 0, r + ). (A3—24)
rt

The evaluation of the remaining terms of (22) is more difficult. In the following paragraphs, we shall outline the
procedure employed in their evaluation.
Now since (p®:rr)” is equal to 2(p°: 7' r%, the first terms of (22) may be written as [using eq. (A2 —7)]

@) = — [0V PP, drer. = — [drer. DO [% ¥ P 2] 07 - srf0r DO (A3—25)
Thus defining I,(x,,) as
I (@rp) = [ @2[2)20, ¥ P cos a, B0 d7er. , (A3—26)
we may re-write (25) to read
(pO:1%r") = — [Rrcos (trp, Ry) + Yrcos (Xrp, V)] Ly (2rp) - (A3—27)

Employing (27) in (22) we then have
(@) S (pOirr) = 2(6)"2 Ay [21,(xg;) cos /3 + 2sin /3 I, (x0) + L4 (245)] - (A3—28)

7 pEr
Before evaluating the second term in (22) we must recall the SkrLar approximation *® for three-center integrals:
(pP:rt) &~ (r|t) (p°:77), (A3—29)

where r° is a point midway between the equilibrium positions of r® and ¢® and (r|t) is the overlap of the dis-
placed wave function @, and @;. Thus by (29) we may write the integral (p°:rt) as

(PO:rt)” &~ (r [ ) (p°: rOr%) + (O [°) (p°: 7). (A3—30)
Defining I (27,) as
Iy (@) = @090 = — [ 07972 B dra, (A3-31)
and recalling the expression for (r|z)’ (see A2—8, 9 and 10)
(r|t)" = — I3 (are) [Rrcos (xre, Rr) + Yy cos (xre, Vr) -+ Ricos (Ler, Ne) + Yicos (5, Do) (A3—32)
we can derive
("It)/ (1)01 rirl) = — ]3 (re) Is (IF,.) [(R, 4 R¢) cos (Xre ,mr) + (Y, — Yt) cos (Ire ,9),)] . (:\3*33)

In analogy with equation (27) we have the second term of (30) as
(0] 80) (p°:7r) = — 21, () La(a7p) [ B7 cos (27, Ro)+ Y5 cos (%rp> O] (A3—34)

But since the vectorial displacement of the midpoint r between atoms r and ¢ is described by s; =% (s;+5;),
we can write the components of §; (that is, R; and Y7) in terms of and R; and Y;, (I=r,t), by taking compo-
nents of 6, and s along 17, and perpendicular to r7,. For example, consider the terms (r%]r°+1) (p®:r ). We
see from the geometry pictured in Fig. 4, that R;and Y;are given by

Ry =1,[sina/3 (Ry + Rri1) + cosaf3(Yr — Yri1)],

- ; . . A3—-35
Y. =1/[cosa/3(Rri1 — Ry) +sina/3 (Y, + Yri)]. ( )
Fig. 4. Coordinate System for the Determination of
R7 und Y7.
Hence, (r°]r0+1) (p®: 7 r)” is equal to
(’Oi 4+ 1) (PO! rr) =— ]2 (@01) ]4 (-l‘Fp) “sin /3 (R; + Ryri1) cos (E;p’m;)
cos /3 (Y, — Yri1)cos (L7,,R;) (A3—36)

+ cos /3 (Rri1 — Ry) cos (x7,, Y5)
-+ sin 1/3 (Yr + Yr.:l) cos (E;,u i*D;)
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Now using the notation of Appendix I in evaluating the angles  cos(z7,, W7) and cos (17,, 9);)

we can derive the second term of (22) by the substitution of (33) and (34) into this term:
}[(w2)7*t > (pP:rt) = B/ZJ i 8 I3 (xg3) I (1) — 28in 71/3 I (x40) [I (Y2 201) + 2 ]6((7/4)1/2 1’01) + Ig (3/29501)] V
. lz*s — 2 I (o) [Is ((7/4)1/2 -’501) + 1 ( 13/4 1'01)]
— 4sin 7/3 I, (20;) [sin g 1, ((7/4)"2 201) + c0s w4 Ty ((*/4)"2 20)]
— Iy (woy) [ 1y @fa 201) — Iy (M2m0r) + 2 cos 0, 1, ((°/5) 4 zo)]
+ 21 6% sin 7/3 @—2 I3 (g2) [Ie (/2 201) + 2 Is( ("/a) % 9«'01) + I (/2 201) )]
— 4sin7t/3 Iy (xy) [I (") l/z-i'm) + I ((%%/y)’ R xm)]
+ 2 1, () [sin o, 1, ((7/y) % 1) 4 cos wg 1, ((*3/,) /2 1))
|+ 2sin7t/3 1, (xy5) [14 (V2 o1) — 14 3y 1) — 2 cos 4((7/4)1/2 z) | . (A3-37)

If we define I (%) as I, (xr1) / D0 cos oy [Z)2a, 7 Y| PO drer. (A3—38)
we may, by methods similar to those used above, write the integrals (r:r"¢%) as
(r0:771°) = — I (xr¢) [ Ry cos (Lre, Ry) + Yrcos (Lre, V)] - (A3—39)

The substitution of the appropriate angles into (39) then allows one to express the third term in (22) as

¥ (wz)’*‘ (0:1° 1) (A3—40)

7'

= — 6% Ry [cos 7t[3 I (o)) + sin /3 15 () — 15 (o3)] + 20 8in 77/3 (6)1/2 Yy [cos /3 Iy (ge) — sin /3 I (a,)] -

We finally obtain the desired formula for ¢’2 by substituting (23), (24), (28), (37) and (39) into (22):
sig‘_, = wgp AS’_22 — 87 Ry [ /g (2 kgy cOS /3 + 2 kegy 8in 71/3 + Krog)
+ 02| 21 (2ey) + 4sinat/3 Iy (op) + 2 14 (205)
— 2 I (zo1) [I (") 1/2 x01) + Iy ((13/4)1/2 101)]
— 2sin /3 I5 (xg) [Ie (Vo) +2 Ie( 7/4)1/23?01) + 15 (32 xm)]
+ 8 Iy (agg) Lg (wor) — 15 (201) — 2sin /3 I (200) + 2 15 (y3)
— 4sinn/3 I, (x6) [sin o, I, ((7/4)% Zo1) + cos wy I, ((13/4)]/2 o)
|~ I, (woo) [ 1y (faz0r) — Iy (Yo w00) +2co80, I, ((7/4)% 1)

—2ioy? (6)1/2 sin7/3 ¥, Iy (22) [IG (YVawor) + 214 (( /4 ) 3301) + Ig (*la o) ]
—d4sin 73 Iy (zo1) [T ((7/0)"* 2or) + Ts ((3/0)" 201)] + I (20)
— 2sina/3 I (xo;) + 2 I (1) ) [sin o, I ((7/4)1/2 ECM) + cos wy 1, ((13/4)1/2 ;7501)]
+ 2sin7/3 1y (o2) [ 1y (2 201) — 14 (o zer) — 208 @, I ((7/4)1/2 1)) 1. (A3—41)

A similar calculation performed for the term 61_1 yields
&y =wd, 8] 1 — 6% R, [1g (2o cos /3 + 2 kopsin /3 + kyg)
+ o? B 214 () + 4sin7/3 Iy (woe) + 2 Iy (03) — 8 I3 (o3) L (01)
— 2sin7t/3 I3 (xos) [Is (Y2 201) +2 1 ((7/4)1/2 %1) + I (%2 1'01)]
+ 2 I3 (201) [I ( 7/4)1/2 5501) + I ((13/4)1/2 9501)]
—|— 4 sin71/3 1, (op) [sin @y 1, ((7/,) )72 201) + cos wy I, (( ‘3/4)/“’:::01)]
2 (202) [I Clawg) — Ly (Yo 201) + 2 cos oy I ( 7/4) T01)]
L + 15 (o1) — 2sin /3 I5 (@) — 2 15 (wy3)

—2i0? (6)1/2 sinzw/3Y_,| I (200) [Is (o) +21g ((7/4)l/2 101) + 1 (/2 1'01)]
+ 4sin7/3 Iy (ap) [ ((7/ 1, * 20 + I ( 13/4)1/ 7501)]
— 21, (o) [sin w, I (( 7/4 -Tox) -+ cos wy I, (¥ /4) 1‘01)]
+ 2sin 7/3 I, (3) [1 (s 201) — Iy (faw0r) — 208 00y I ((7/4)1/é zo)]
15 (xg0) + 2sin 7/3 I (o) ; (A3—42)
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APPENDIX IV

Numerical Computation of the Integrals Ij(xz), (j=0, 1, 2, 3, 4, 5, 6). and the Constants koj, (j=1.2,3)

As the algebraic evaluation of the integrals I;j(x) is quite involved 2%, we shall defer a discussion of this topic
for a future communication 3!, In this appendix we wish only to tabulate the numerical values which have been

z 1/2 gy ‘ Ty = 8.5 | (7/4)1/2 To1 3/2 2y, 1 L2 = (3)1/2 Lo1 (13/14)}/2 Ty | Xey = 2 Ty
Iy 5.57652 1.49221 0.730917 0.549199 0.409108 0.378620 @ 0.311261
1, — 0.823900 — — 0.062257 — 0.027965
1, — 25.0946 — — 3.59832 — 1.61435
1, - — 13.6654 | - ‘ — — 247194 - — 1.16163
1, — 2.07558 — 0.281089  — 0.0520879 — 0.0190637 — 0.0047838 — 0.0030994 — 0.0008995
I - — 0.352045 — — — 0.0208325 — | — 0.0070083
Is 9.19373 0.912044 0.153300 \ 0.053975 — 0.00833802 —
k — — 0.943316 — | - — 0.382511 — — 0.298125
Tab. 4. Numerical Values of the Integrals /j(x), (j=0,1,...,6) and of the Constants ko;j [i.e., k(2yj)]. The Integrals I,

I,, I, and I5 and the Constants ko; are measured in Units of Z2e2/ay2-10—2. The Integrals I,, I, and I; are measured in
Units of 1072, Z/2 ay-10~2, and Z e*/a,-10—2, respectively.

obtained for these integrals as well as the numerical values of the constants kg;, defined in equation (A 3 —11)
(see Table 4). For the sake of completeness we also report here the numerical values of the molecular orbital
normalization factors o;2 (j=*1, +2):

o} = o>, = 0.139026, (Ad—1) 03 = 6%, = 0.228557 . (A4—2)

oo

. g 0 0 0 .
The numerical values for integrals 7> 9;7> &, and 7° were taken from the tabulation of Pagrr, Craic and

Ross 18. The integrals e?—wgp, although not tabulated explicity by Parr, Craic and Ross '8, are easily computed
from the integrals which they have tabulated:

ey — wd, = — 40.2560 e. v. & —wd, = —37.3238 e. v.
(Ad4-3)
eg = wgp = — 31.9655 e. v. eg = wgp = —20.2120 e. v. .

31 A, D. Lienr, Z. Naturforschg. 13a [1958], in press.



